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1 Tools

Theorem 4 (Markov’s inequality). Let Z be a random variable and t > 0, then :
P(Z| = t) < E(|Z])/t.
Theorem 5 (Jensen’s inequality). Let X be an integrable real-valued random variable and g(-) convezx, then :
9(E[Z]) < E[g(Z)].

Lemme 1 (from inequalities (1) and (2) of [Mau04]). Let m > 8, and X = (X1, .., Xin) be a vector of i.i.d.
random variables, 0 < X; < 1. Then :

vm < Eexp(mKl(o: Y0, Xi||E[X,]) < 2¢/m,

where kl(allb) = aln ¢ + (1 —a)In %.

2 Proof of Proposition

Proposition 2. For all distributions Q on H, there exists a P-aligned distribution Q' on the auto-complemented
H that provides the same majority vote as Q, and that has the same empirical and true C-bound values.

Démonstration. Let @ be a distribution over H, let M be defined as M = maxj/e(1,... n} P%/|Qk/+n — Q], and

let Q' be defined as Q) = % + %, where by convention (k + n) +n = k and Py, = Pg. First, let

us show that @’ is actually P-aligned on the auto-complemented 7, that is Vk € {1,...,n}, Q} < Py and
Q) + Qiyn, = Pr. We have :

Q) < Py
B | Qk = CQrin
2 oM =k
Qk - Qk+n
& - < P
i < Py
& L@-Qua < L Qun — Qul
- — n < max —— I4n — 1,
P k kbt k’e{l?j..,n} Py krr k



which always holds.

Moreover :
Py, Qr—Qkin  Potn  Qiyn — Qi
/ ’ _ 1k
Qr + Qryn = 5 oM 9 + oM
Qk - Qk—i—n + Qk-i—n - Qk
= P
b 2M
— P,

Then, let us show that using @’ does not restrict the set of possible majority votes :

2n
LB, @) = ; Qlehr (x)

= (@) — Q) hi(x)
k=1

Z% Z(Qk — Qrtn) (%)
k=1

2n
=Y Qi)
k=1
1

Therefore, we deduce that Vx € X, By (x) = Bg(x) and since the constant term ﬁ is present in both first and
second moments Mg, and Mgm it vanishes in the C-bound. Hence, C’g, = C’g regardless of the distribution
D over X x Y. ]

3 Proof of the Algorithm P-MinCq

Proof of Algorithm 2. The Objective Function. In the following, we show how to obtain Eq. (6) from the
definition of the second moment ./\/lg2 of the @-margin over S.

M%2 = E M}ih/
(h,h')~Q2

2n  2n

= > QQuMi, i,

k=1k'=1

:Z Z [Qka’ E hk(x)hk/(x) + Qk*f‘an/ E hkm(x)hk/(x) + Qka'-PrL E hk(X)hk/_‘_,n(X) + QkJran/_Pn E hkﬁ(x)hk/_pn(X)}
k=1k/=1 Gey)~S (x,y)~S (x,y)~S (x,4)~S

=) QQr, B h(x)hy(x) - QenQr B
(x,y)~S (x,y)

hi (3) hier (%) — Qka/m(x E  he(x)he (x) + QunQrin B hp(x)he (x)
k=1 k=1

~S y)~S (x,y)~S

(because hjpn = —hy)

=D 0> M [QuQu — (Pr — Qi)Qur — Qu(Per — Qur) + (P — Qi) (P — Qi)

k=1k'=1

=3 MG, [1QkQu — 2PkQur — 2P Qk + Py Py

k=1k/'=1
n n n n n n
s s s
=4 E E QeMi, h,, Qr — 4 E E PoMiyon, Qi + E E Py Py My, oy,
k=1k'=1 k=1k'=1 k=1k'=1

=4[(Q-P)"MsQ] + C4,



where Cy = >0 >0, Py Py My, 1, and the multiplicative value 4 can be considered as constant w.r.t. Q.
Therefore, we get Eq. (6) of the optimization problem.
The Margin Constraint. We now show how to obtain the Eq. (7) from Mg.

ME=E M
h~Q
2n

k=1

= (Qk = Qryn) M5,

k=1
= (2Qk — POM;,
k=1

=mg (2Q - P),

where mg = (My,,,..., My, )T Replacing M by pu, we get Eq. (7) of the optimization problem. O

4 Proof of Theorem [3

We first recall the theorem.

Theorem 3. For any distribution D over X X Y, any m > 8, any 6 € (0,1], with probability at least 1 — & over
any sample S from D™, for any auto-complemented family H° of B-bounded real value functions of sample
compression size at most |j**| < & and for all P-aligned distribution Q on HS -

|jmasx 2y/m
25Uzl 1 (242)

2(m — |jmex|)

MG = M3| < , (9)

2/jmax| 2y/m
2Bz¢ gl (24

2(m — 2|jmax])

MBs — M| < (10)

Proof of Equation @[) Let S be any training sequence of size m. Suppose that H° is auto-complemented.
Moreover, a distribution on H is P-aligned if for any (j, o) € J,,, x s, we have :

QS+ Q=hT™) = QU™ + QW) = PUEY) + P ™) = P + P(=hG™).

It implies that :
MU ==MT, -
h(s ) h(s' )9
and :
2 2 2
(Mi(mH - MhD(v,+>) =(- M,f(a,—) - (_Mth,—))) = (Miw‘—) - Mf(m—)) .
SJ- Sj Sj Sj Sj Sj

Similarly as in [McAQ3], we now consider the following Laplace transform :

m — |j|

_ S 4D \2
XP _hWEP eXp( 2B2 (thj th‘i) )

~

Sj



Remark that f(a,b) = 555 (a — b)? is convex because its Hessian matrix is positive semi-definite. For lightening
m — |j|
2B2

the proof reading, we denote m; =
For any P-aligned distribution @, we have :

2Xp= E (M —MEL)?
p=_E  exp (mJ(/\/lhsj Mhsj)

Sj

— (o,+) . s _mP 2 (o,+) (o,-) . s _mP 2 (o,=)
_/h P(hsj )exp (mJ (Mh(sc;ﬂ Mhi{;,ﬂ) ) dhsj +/h P(th )exp (mJ (Mh(sj,f) Mh(s:-‘i)) ) thj

(S«;,-%—)GHS (S’;'_)GHS
o, o, 2 T,
:/( N (P(hG D) + P(=h™)) exp <mj (M) =M o1)) ) dng ™)
he T ens S; 5;
5j
_ h(U’+) —h(U’+) . MS —MD 2 dh(g’+)
= (Q(hg ™) + Q(=hg ™)) exp (m5 (M, (o.1) o)) 35
R eys 7 ’ 5 5 ’
J

o, 2 o, o,— 2 o,—
:/h Q(hfgj +))exp <7TIj (Mig?ﬂ —Mfg?ﬂ) ) dhéj +) _|_/h Q(héj ))exp (mj (Mig;,f) —Mfg,f)) ) dhgj )

»+ =)
fgj >6'HS (Sj eHS ]

2
:2h exp (mj (MSZ{J *Mfgj) >

E
g~
=2Xq.

Using Markov’s inequality (Theorem [4]in Supplemental Material) we have :

1
< = >1—o.
SAI:)E’” (Xp (SSNED"I Xp) 71 1)

Taking the logarithm on each side of the innermost inequality, for any 6 € (0, 1], with a probability at least
1 — § over the choice of S ~ D™, for all P-aligned distribution @ on H*°, we get :

In

s D \2 1
. W — w < - .
hg?ca exp (mJ(Mth Mhsj) >] <In [5s~%m Xp]

We apply Jensen’s inequality (Theorem [5|in Supplemental Material) on the concave function In(-) :

In =
hg ~ &

E exp (mj (Mfg —M%‘f)] > E  my (Mﬁg —Mﬁé.)?

Recall that |j™2*| is the maximal size of the compression sample. Then by again applying the Jensen’s inequality

m— ||

on the convex function (m — [j™*) f(a,b) = =5 (a — b)> = mj(a — b)? for the right side of the previous
inequality, we have :

E m; Msw _MDw 2— i E —1j MSW —MDw 2
he,~Q i hg, hsj) 232 hg,~Q l( 8 hsj)

L s D \2
"ol i, -2

Sj
m — [je

2B?

Y]

(M& - MB)".
Then :

m — Umax| s D 9 1
i pm ( 252 (MQ MQ) <In (SSN]%M Xp 1-46.



We thus have to bound E Xp. We consider ./\/libsj the empirical margin computed on the examples of the
learning sample S that are not in the compression sequence Sj. While MSM may contain some bias, MS\S is

an arithmetic mean of truly i.i.d. (m — |j|) random variables. Note also that these two random variables have
very close values. We have :

. S\S;
0 <mMj, — (m— )M \J<B|J|
J

then :

~Blj| < |J|MS\SJ < mMj, —mMS\SJ <lil - |J|MS\SJ < Blj,

and thus :

’M, MS\S

(11)

Given a compression sequence Sj, we denote by j the vector of indices that are not in j. Then :
2
E Xp= E E exp(mj(M7, — ME,
S~Dm P S~Dm hcézj ~P Xp ( J ( Sj th )

2
=E E E E exp(my(Mje — M) ).
j~P Sj~Dlil wNPSJ. SENDmfl.i\ Sj Sj

For all j € J,, S5 € zZhl W e Q’Sj x {4+, —}, we have :

E Xp= E exp <mj (Mfg - ME§)2)

S~Dm™m Sijmflj\

S5 S5 2
= E exp <mj(M£gj — Mg + My —Mfgj) )

SEND”L*IJ'\

Sj 2 Sj S} Sj 2
< B e {mj ([Msgj — ML T+ oM, — ML (ML — ME, | + (MG — M, ] )} |

SjNDm7
From Equation and since exp(.) is increasing, we obtain :
Blil]* . ,B |J| g RE
E Xp< E il | — 2— L - w .
S~Dm P= S;~Dm=lil CxP lmJ ({ m * [Mhs Mhsj]

Since we suppose that for all j : [j| < |j™**| < m, then :

. . 2 . . . .
m — 3| {1l ] . m—3l [l | 2 e
el 27 < max I _ < .
2B <{m * m | — J | 2B m2 * m - B

Then :
|jmax| S- D 9
E Xp< E (M D,
B, XPS Sy exp ( 5 T (/\/lhsj Mhsj)
|Jma.x| S] D 9
< exp ( B + st[I;]m—m P [Mh‘éj N Mh‘éj]

D 2
MD,

A . (1 Y ) (1 3 )
< E 2m — i) | (5 = —==t) - (5 - ==
= &P ( 5 )ty B o 2molilG - g 2~ 2B




By definition 2(a — b)? < kl(allb) = aln ¢ + (1 — a)In 1=% is valid for any a,b € [0,1] provided that if a = 0
then so is b and if @ = 1 then so is b. Since the elements of H° are B-bounded and S is drawn 4..d. from D
we have :

MB, =—B= M), =-B, and MPE, =B= M), =B.
hsj th hsj hg.

Then :
S= S5
p Mik 1 Mg M3, 1 Mg
S S D —) R R |
2 9B 2 2B R Y] 2 2B
Moreover since :
53
0< . M 4 o<’ Mi
i< <= - 2
=927 9B »oa =927 9B ’
we have :
53
E Xp<ep(ial)t E Y A | M,
X X - 5 5
S~Dm P = CXp B SjNDm—Lﬂ exp m J 2 2B 2 2B

We apply Maurer’s Lemma (Lemma in Supplemental Material)

|jmax| -
E Xp< E 2 —
spm P =P ( B * S;~Dm—lil (m = 13l)

Sexp(l‘] |>—|—2\/ — il <exp(|‘] |>+2\/ﬁ.

Finally :

for all P-aligned distribution @ on 7—[5 ,

Pr 2B\/|‘] ‘ : m) >1-4§
S~Dm D 6
|MQ | max
V2(m — [jmax])

O
Proof of Equation . Using similar arguments as the beginning of the proof Equation @D we have

D D 2
(Mh<a +) h(a +) = th{,ﬂ h(a,+)) (Mh<o -) h(o +) T thf,ﬂ nlo +>)
J J

D 2
(Mh(o +) h(a ) Mlzga’+) plo ))

(Mh(a -) h(g - M}?ga’*) h(ox ))2

Similarly as in [McAOQ3], we now consider the following Laplace transform

_ m—juj D 2
Xp= » ﬁEg)/NP? exp (2B4 (th hw/ /\/l hw )7
5



m—|juj|

For lightening the proof reading, we denote mjuy = . Remark that f(a,b) = 55z(a — b)? is convex.

2 B4 2B%

For any P-aligned distribution @, we have :
2

4Xp = E ,exp(mjujr(./\/liw B! —./\/lfw ! ) )

hgj,h§3~Pz R 55755

= P(h(scf’H)P(hg;H)eXP(m'u'/(MS<a,+) (ort) =M o 1) (0)+))2)dh(s‘f’+)h(5‘f;+)
/h(s?ﬂ,h(saf’ﬂe(%sﬂ ’ ’ TR ks Ry sy T
J

P VP exp(macy (ME o~ M o)) b TR
+/h(0 ) ple ) g (182 (hsy )P (s, ) exp(maog (Mh(sj’ g Mh(sf ng,o) ) 4R hsy
TSt

S-,

RS h
5 J J
(o,-) (o,+) S D 2 (0,=)p (o, +)
i /mo,—) wor s s P ks, )eXp(ijj/(Mhé”.“)»h(s".‘“ ~My o) )dhsj sy
55 5 S‘; €( ) J 3’ J i’
o,+ o,— S D 2 o,+ o,—
+/( e P(h(sj NP(hE, ) exp (mjuj'(/\/‘h(a,+>h<a.,—>—Mh<a,+) o)) )dh(sj 'hg
hg b T e(HS)? ) Sj Sy S5 Sy )
i

_ @GN o pHENP(REH) 1 p o) M MP 2\ 1 (04 (0.4)
*/h(w)h(w)ems)gj(hsj )+ PR )P (kg )+ PEhg,") exp(mJUJ (thﬁ),h(;;ﬂ thff’+)hfg”,;+>) )dhsj hs,,
S; Mgr J J J J
J

3

_ (o+) (o) (o+) (o) ( (M _ gD 2) (o) (o+)
e /h(g"",)h(;/‘*')e(HS)gQ(th JTQERS, ))(Q(hsj’ )+, ) exp (g (thj’ﬂ’h(s‘;?ﬂ Mh(s?ﬂh(sjiﬂ) dhsy sy
35

o,+ o,+ S D 2 o,+) (o,+
:/ QRS QRS ))eXp(mjujf(Mh<a,+>h<a,+>*Mh<a,+>h<o,+>) )dhfq. )
h_(gfy.’+>7h(5v(r,’+)6(7is)2 J J 5j ’Sj’ 5j ’Sj' J J
J j

o,— o,— S D 2 o,— o,—
+/( e Q(hfgj NQR, ))eXP(mjuj’(th,f)h(o,f)*th,—)h(o,—)) )dhgj g
h o, R o, G(HS)2 J Sj Mg, Sj Mg, J
Sj S-; J J

o,— o+ S D 2 o,—)p (0,4
+/( e Q(hfqj NQR, ))exp(mjujf(/\/lhw,—)h(o,+>*th,—)h(a,ﬂ) )dhgj LS
R TR T e (HS)2 J s; sy s; sy, pl

Sj S-; J J

Sj

(o:+) (o,-) s D 2 (0,4, (o,—)
+/(a o oy Qg )R )eXp(mjuj’(Mh(oHr) o~ Mo 1 0.0) )dhsj hs,,
hg TRy €(HS)? 55 sy 55 sy
J
2
=4 E , ©XP (mjuj/ (Miw heo! f./\/l}?w oo ) )
hgj’hgﬁNQ 555y S5 Sy

=4Xg.

Now, by Markov’s inequality (Theorem [4]) we have :

1
< — >1-0.
SFEI)"” (XP - 653%#1 XP> Z1-9

By taking the logarithm on each side of the innermost inequality, for any § € (0, 1], with a probability at least
1 — & over the choice of S ~ D™, for all P-aligned distribution @ on H° we have :
1
1 E (g (M, o =M, 0 ))| <[5 B Xpl,
B g, 0, ~2 P vy (thj,hgj, thj,h:sj,) ST Ssabm OF
J
We apply Jensen’s inequality (Theorem [5) on In(.) :

s D 2 s
In E exp (mJUJ/ (Mh‘g.,hg/ — th,,hg’/) > > E miuy (M
J 3’ J J

w pw’ 2 T pw pw’ 2 h‘§.wh§/
th7th,NQ th’hSJ./NQ J i’



Recall that |[j™*| < % the maximal size of the compression sample. Then by again applying the Jensen’s

m—|m|

inequality on the convex function (m — [j™**[) f(a,b) = ™52 (a — b)* = m;uy (a — b)? for the right side of the
previous inequality, we have :

D 2
-M )=
heyn,)

]'__‘; mjuj (MS

he b’
hgj he, ~Q? 8578y
J

— E —ljuinm? - MP ?
o34 h“éj’h%f, g (=13ud'D( hosuj,hg;/ hgj,hg;/)

m — 2[jmax| s PERY
> E M2 = M
2B4 hgj,thf/~Q2 ( hsj,hsj, hsj,hsj,)
m — 2[jme| S D \2
Z gt (/\/l > — M 2).

Then : o )
ngm (234(/\4 2 — MQz) S In |:6SNED7" Xp:|> Z 1-— 5
S\(SjUSj/

) . .
e pe the empirical second moment of the margin com-
S:o'ts.,
J J

We thus have to bound 5 ]1})’ Xp. We consider M
s

puted on the examples of the learning sample S that are not in the compression sequence S;. While M PO
Sj" Sj/

. . S\(S;USsr) . . . .. o e .
may contain some bias, Mh:( fj:l/ ) is an arithmetic mean of truly 4.i.d. (m — |jUj’|) random variables. We can
Sj’ Sj/
also note that these two random variables have very close values. We have :
o s S\ (S;US; o s
0<mMS, o —(m—uihMy S0 < Bju),
Sj’ Sj' hsjahsj/
then :
e e PR S\ (S;US;/ S\ (S;US;/ PR e . S\ (S;US;/ e e
~BUY| < UM T <M = mMp ) <o) - oM, S0 < B2 U,
hg;ohs, hsphs;, hs;hs;, h;ohs,
thus :
S\(S;USy B2juy
’MSth/_MU\)uLJ/J)S Ui (12)
Sy Sj/ th7th/ m

Given two compression sequences S; and Sy, Let j be the vector of indices that are not in j U j'. Then :

2
E Xp= E E exp (mjuj/(/\/liw B! —Mfw h‘“/) )
S~Dm™m S~D™ pw pe’ o p2 S50, S;0Sy,
Sj’ Sj’ J J J J
2
= E E E E exp <mjuj’<M§W B! —Mfw hw/) )
j.j/~P2 sj,sj,ND\JlxD\j'l w,w’isijsj, SJTNDmf\juJ'/\ 55055, S501tS

For all j,j € (J,,)%, S, Sy € 21l x 251w o’ € ( 5 < {+ =} x( /Sj/ x {+,—1}), we have :

S D 2
E  exp (mjuj,(th o — M) )
Sj’ Sj/ Sj’ Sj/

SEND’”L*Uqu

Ss Sy 2
= B e (muy(ME, 0~ M MY =M
Sij""*|JUJ| Sy Sj/ Sj° Sj/ Sj? Sj’ Sj°? Sj/
S 2 S S5 D
< E  exp mjuj,(wfw o =M P oM, MM MP
Si~Dm—1iUi’| 55018 hsjvhsj, 55018 hsjvhsj, h j,hsj, RN

S 2
+ME L - MP ] ) :
Sy’ ’Sj/ sz, SJ-/



From Equation ([12)), since exp(.) is increasing we obtain :

E Xp<
g pm AP S

B2 iU 172 B2 iU o/
E exp [mwy({ J Jq +2 g ‘]|+[
sjwpm—\juy\ m m

M

2
r MD ’ :I .
w pw he hw
hsj’hsj/ Sj’ Sj/
Since we suppose that for all j we have [j| < [j™*| < %, we can easily compute :

o a2 o sl P
mjuj,( [Bea1]” 4 o |) < Qjmax|{mjuj,(JUJ|
Then :

2 2|j1nax‘
m2 + m):| S B2 .

E Xp<
gihm AP S

2 smax
E exp{ e
SENDmeUj’\

Sz D 2
B2 + myuy [Mh%.,h‘g/ — th. ,h‘gf,] :|
R RIS
2|jmax| S- D 2
< E HEM M J r M /
=P |: B2 + SJTND"L*\J'UJ'/I XD |50 [ hgj’hgj/ hgj’huéj/]
S; 2
M MP
< 2|jmax| E 2( ‘. U ./|) (1 hg‘)‘j’ gj/ ) (1 hgj’hgj/ )
ex ex m — —— ) (- — :
= XP B2 Sj~Dm1308'] P - 2 2B 2 2B
We know 2(a — b)? < kl(al|b) is valid for any a,b € [0, 1] provided that if @ = 0 then so is b and if @ = 1 then so
is b. Since the elements of #° are B-bounded and S5 is t.i.d. from D, we have :
MP =B MY =B and MD, . =B*= MY =B
Sy Sj/ S5 Sj/ Sy Sj/ S5 Sj/
Then :
S; S;
MD ’ M J ’ MD ’ M ) ’
1 h“st h“s’j, 0o 1 hWJ,hg’j/ 0 d 1 th,hg/ PN 1 h”S’J,, “S’j, _q
2~ 2p2 2 2Bz 0 U9 T Topr T T 9T T apr T
Since : o
M J !’ MD !
0< 2 T d o<’ A
z_ a -
=27 " 2pe o 2 T a2pz =7
we have :
St
e T T
< _lius D e ]
SN%’" Xp < exp [ B2 ] - Sj"‘DEJ*\J'UJ'/I exp | (m = U)K <2 2B
By applying Maurer’s Lemma (Lemma |1), we obtain :

2|jmax‘ < .
< _ !
B Xp< exp( )ty B, 2V HOTD
2 smax
SeXp( |JB2 > +2¢/(m—[jUj])




Finally, we obtain :

for all P-aligned distribution Q on H%,

Pr opz, [H g (Y o
S~Dm B2%§ 0 -
IMG> = MPps| <

2(m — 257
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